A finite-temperature perturbation theory for the grand canonical ensemble is introduced that expands chemical potential in a perturbation series and conserves the average number of electrons, ensuring charge neutrality of the system at each perturbation order. Two classes of (sum-over-state and reduced) analytical formulas are obtained in a straightforward, algebraic, time-independent derivation for the first-order corrections to chemical potential, grand potential, and internal energy, with the aid of several identities of the Boltzmann sums also introduced in this study. These formulas are numerically verified against benchmark data from thermal full configuration interaction. In the zero-temperature limit, the finite-temperature perturbation theory reduces analytically to and is consistent with the Møller-Plesset perturbation theory, but only for a nondegenerate ground state. For a degenerate ground state, its correct zero-temperature limit is not the Møller-Plesset perturbation theory, but the Hirschfelder-Certain degenerate perturbation theory.
I. INTRODUCTION
In our recent study, 1 we showed that the finite-temperature perturbation theory for electrons described in a number of modern textbooks [2] [3] [4] [5] and an excellent review 6 does not reproduce the benchmark data obtained as the λ-derivatives of the exact finite-temperature theory 7 with the perturbation-scaled Hamiltonian,Ĥ =Ĥ 0 + λV. The discrepancy was traced 1, 8 not so much to mathematical issues but to inadequacy of the ensemble. The textbook theory (beyond the zeroth-order FermiDirac theory) adopts a grand canonical ensemble that holds chemical potential fixed at some arbitrary value and allows the average number of electrons to fluctuate, violating charge neutrality as a basic tenet of thermodynamics. 9 As a consequence, the textbook perturbation theory does not converge at the exact limit that maintains charge neutrality of the system.
We need a finite-temperature perturbation theory that varies chemical potential so as to ensure charge neutrality at any perturbation order and thereby converges at the exact, thermal full-configuration-interaction 7 (FCI) limits. In this article, we present such a perturbation theory and derive analytical formulas of its first-order corrections to chemical potential, grand potential, and internal energy. Two classes of analytical formulas were derived in an easy-to-follow, time-independent, algebraic (nondiagrammatic) manner: the sum-over-states formulas that are correct in all cases and the more compact, reduced formulas valid only for a nondegenerate ground state at any temperature or for a degenerate or nondegenerate ground state at a nonzero temperature. We show that both formulas reproduce the benchmark data obtained by the λ-derivatives of the thermal FCI results in the case of a nondegenerate ground state.
There have been persistent questions as to whether the zerotemperature limits of a finite-temperature perturbation theory for internal energy should agree with the Møller-Plesset (MP) perturbation theory 10 for energy at respective orders. Kohn and Luttinger were the first to point out 11 that the agreement may not be expected by using the second-order theory for a homogeneous electron gas (having a degenerate ground state) as an example. We show that, for a nondegenerate ground state, the finite-temperature perturbation theory introduced here is consistent with the MP perturbation theory in the sense that the first-order internal-energy correction formula analytically reduces to the first-order MP energy correction formula. For a degenerate ground state, however, the finite-temperature perturbation theory is not consistent with the MP perturbation theory; it instead reduces to and is consistent with the Hirschfelder-Certain (HC) degenerate perturbation theory. 12 
II. FINITE-TEMPERATURE PERTURBATION THEORY IN THE GRAND CANONICAL ENSEMBLE
The electronic grand partition function 7 per molecule of an ideal gas of identical molecules at given temperature T is
where
, E I is the FCI energy of the Ith state and N I is the number of electrons in the same state. The summation over a capital letter index (I) runs over all (exponentially many) 2 m states spanned by m spinorbital basis functions. Chemical potential µ is determined by solvinḡ
whereN is a given average number of electrons. These two are the equations of state to be solved simultaneously for Ξ and µ. Grand potential Ω and internal energy U per molecule are related to Ξ by
and also to each other by
where S is entropy. We expand Ξ and µ as well as Ω and U in converging perturbation series,
and so forth, and seek to write each correction in terms of the perturbation corrections of the energy,
is the nth-order correction to the Ith-state energy according to the HC degenerate perturbation theory, 12 of which MP perturbation theory 10 for a nondegenerate ground state is a special case. They conform to the canonical definition of a perturbation theory, in which the nth-order correction of quantity X is
where X(λ) is the value of X (such as E I , Ξ, µ, Ω, and U) calculated by FCI with the HamiltonianĤ 0 + λV. We adopt the Møller-Plesset partitioning and, therefore,Ĥ 0 is the sum of the (zero-temperature) Fock operators plus the nuclear repulsion energy.
We have obtained numerically these corrections at lower orders and shown that the textbook theory does not reproduce such benchmark data 1 because it neglects to expand µ in a perturbation series, thereby allowingN to fluctuate and causing the system to be massively charged. We call the method that evaluates these derivatives by finite-difference formulas the λ-variation method. In this study, we will perform the differentiation analytically to arrive at the corresponding analytical formulas for µ (1) , Ω (1) , and U (1) . In the following, we use the Taylor series,
which are rapidly convergent when a ≫ b. We will also use four identities of the Boltzmann sums, which will be introduced as needed.
III. ZEROTH ORDER
The zeroth-order theory 13 in the grand canonical ensemble is correct in the sense that chemical potential µ is adjusted to keep the average number of electrons constant atN. We review a time-independent and algebraic (as opposed to time-dependent or diagrammatic) derivation of this theory as a preparation for its application to the first-order theory.
A. Fermi-Dirac theory
The zeroth-order grand partition function is given by
with ξ (0)
and
where E nuc. is the nuclear repulsion energy and ǫ
i is the ith canonical Hartree-Fock (HF) spinorbital energy. The summation over small letter index (i) runs over spinorbitals occupied in the Ith Slater determinant, which is a solution of the zerothorder Schrödinger equation. The occupied orbitals should not be confused with those occupied in the HF ground state; they vary depending on state I.
This can be simplified to
where products over i run over all m spinorbitals spanned by the basis set. Equation (2) also reduces tō
where f − i is the Fermi-Dirac occupancy function of the ith spinorbital,
Using Ξ
of Eq. (16) with µ determined by solving Eq. (20), we obtain the zeroth-order grand potential and internal energy as
where f + i is the Fermi-Dirac vacancy function of the ith spinorbital,
(24)
B. Boltzmann-sum identity I
It is instructive to rederive Eq. (20) in a more general manner. Let a I = occ. i a i . Using a notation,
i ), and canceling the common factor of e −βE nuc. in the numerator and denominator, we have an identity of the form
which can be easily proven by mathematical induction. Equation (20) is nothing but Identity I with a i = 1 for any i.
IV. FIRST ORDER A. Sum-over-states analytical formulas
An application of Eq. (10) to Eq. (1) leads to the following expression for the first-order correction to grand partition function Ξ:
with ξ (1)
where E
I is the first-order correction to the energy of the Ith state according to the HC degenerate perturbation theory. 12 The same procedure to Eq. (2) leads to the equation for µ
Using Eq. (11), we obtain the first-order corrections to grand potential and internal energy as
In the last equality, we used
which can be readily proven with Identity I [Eq. (25)].
The third and fourth terms of Eq. (32) contain products of extensive quantities such as Ω (1) U
, which, taken individually, violate size-consistency. 14 It can be shown (see below), however, that they mutually cancel exactly across the two terms, leaving rigorously extensive contributions; the firstorder finite-temperature perturbation theory is size-consistent.
The aforementioned equations are the correct and complete (if not compact) analytical formulas of the first-order finitetemperature perturbation theory in the grand canonical ensemble applicable to either a degenerate or nondegenerate ground state at any temperature down to zero. Equation (29) is first solved for µ (1) using {E (1) I } unambiguously defined and calculable by the HC degenerate perturbation theory. 12 Once µ (1) is determined, Ξ (1) is evaluated with Eq. (26). Next, Ω (1) and U (1) are computed with Eqs. (30) and (32), respectively, using µ (1) and {E (1) I } as well as the zerothorder quantities. We have verified these formulas numerically (see Appendix).
B. Boltzmann-sum identities II, III, and IV
Here, we introduce three more identities for the Boltzmann sums, which are useful for deriving compact reduced formulas. The second identity reads
The third identity is m i< j c i j e
where c i j = c ji for any i and j. Note that c ii is absent in any summation. Identities II and III can be proven straightforwardly by mathematical induction using Identity I. Finally, the fourth reads
which can be proven by mathematical induction with the aid of Identities I, II, and III. These proofs are elementary and not reproduced here.
C. Reduced analytical formulas
The foregoing analytical formulas for the first-order perturbation theory involve sum over exponentially many states, and are inconvenient to use. For a system with a nondegenerate ground state or at a nonzero temperature, we can reduce them into much more compact formulas involving only molecular integrals in the spirit of the Fermi-Dirac theory or textbook diagrammatic finite-temperature perturbation theory.
First, we rewrite Eq. (30) as
Here, E
I is the first-order HC perturbation correction to the energy 12 and is written as
where Ψ
I is the zeroth-order wave function andV is the perturbation operator in the Møller-Plesset partitioning.
For a nondegenerate Ith state, Ψ
I is a single Slater determinant Φ I , making the evaluation of the above integral trivial:
where 'occ.' again refers to the spinorbitals occupied in the Ith Slater determinant, whereas 'HOMO' stands for the highestoccupied spinorbital of theN-electron ground state (hereafter simply the ground state); the last summation runs over spinorbitals occupied in the ground state. Each four-index integral is a usual antisymmetrized two-electron integral.
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When the Ith state is degenerate (in the sense that there are d states sharing the same zeroth-order energy), Φ I is no longer a Slater determinant, but it is a linear combination of d degenerate Slater determinants, {Φ J }.
where U JI is an element of a unitary matrix, which can only be determined by a highly involved procedure of HC degenerate perturbation theory.
where the summation over J is taken for all d degenerate states. In other words, although E
J for the Jth individual state cannot be written simply as the right-hand side of the above equation, its average over all d degenerate states can be. 6 Therefore, if all E (1)
J from a degenerate group are summed with an equal weight, one obtains the correct final formula by pretending as if Eq. (39) were true for each and every state. This is indeed the case with Eq. (37) if the ground state is nondegenerate or the temperature is nonzero. For a degenerate ground state at zero temperature, the states that are degenerate with the ground state are summed with an unequal weight and the use of Eq. (42) becomes inappropriate. We will consider this case in Sec. V, but henceforth we confine ourselves to a nondegenerate ground state or nonzero temperature.
We can then write Eq. (39) as
with
; c i j = i j||i j ,
and c ii = 0. Using Identities I and III [Eq. (25) and (35)], we can reduce Eq. (37) into
where the summations run over all spinorbitals.
With the same choice of {a i } and {c i j } in Eq. (44) as well as b i = 1 for any i, Eq. (28) for µ (1) is simplified with Identities II and IV [Eq. (34) and (36)] as follows:
which can be solved for µ (1) as
(48)
The last equation can also be obtained by a direct application of Identities I-IV to Eq. (29). Likewise, applying Identities I-IV to the sum-over-states formula for U (1) [Eq. (32)], we can observe exact mutual cancellation of non-size-consistent terms and arrive at a compact analytical formula, which reads
The same expression can be obtained alternatively 6 by returning to Eq. (31), namely,
and using
Care must be exercised that partial differentiation with β acts only on f
.
The corresponding reduced formulas 6 for Ω (1) and U (1) according to the textbook ansatz wherein µ is held fixed at µ It should be reminded that the foregoing reduced formulas are valid only for a nondegenerate ground state or at a nonzero temperature, whereas the sum-over-states formulas and underlying HC degenerate perturbation theory should be correct in all cases.
V. ZERO-TEMPERATURE LIMIT AND DEGENERACY

A. Zeroth order
In the zero-temperature (β → ∞) limit, we can analytically show 7 and numerically confirm
where HOMO again stands for the highest-occupied spinorbital of theN-electron ground state and HOMO+1 the lowestunoccupied spinorbital. In this limit, the Fermi-Dirac occupancy function is
assuming that the spinorbitals are in an ascending order of energy. However, a special consideration 15 may become necessary when the ground state is degenerate. In this case,
leaving f − HOMO and f − HOMO+1 (as well as the Fermi-Dirac functions of all other degenerate spinorbitalss) undefined, although their sum must take a certain value that maintains the average number of electrons atN, say,
in the case of doubly degenerate HOMOs sharing one electron on average. However, a partitioning between f − HOMO and f − HOMO+1 is indeterminate.
Nevertheless, we can unambiguously determine the zerotemperature limits of Ω (0) and
because they do not depend on the partitioning of the FermiDirac occupancy functions among the degenerate HOMOs. These are consistent with the zeroth-order MP perturbation theory and also with each other according to Eq. (5).
B. First order
Next, we consider the zero-temperature limits of the firstorder corrections. We divide the problem into two cases: a nondegenerate ground state versus a degenerate ground state.
In a nondegenerate ground state, the reduced analytical formulas such as Eqs. (47), (46), and (49) are valid at any temperature down to zero. Using Eq. (54) and the identity, 6, 11, 16 
we find
the last of which is the familiar first-order MP perturbation energy correction at zero temperature, E MP1 . These are numerically verified in Appendix. For a nondegenerate ground state, therefore, there is no inconsistency between the finitetemperature perturbation theory and MP perturbation theory. When the ground state is d-fold degenerate (d > 1), at zero temperature, they are no longer summed at an equal Boltzmann weight, and the reduced analytical formulas derived with Eq. (42) become invalid. We, therefore, have to revert to the sum-over-states analytical formulas. However, at the first glance, even the sum-over-states formulas such as Eq. (26) appear to suffer from the same issue of ambiguous Boltzmann weights; at zero temperature, β = ∞ and E
The correct zero-temperature behavior of the exponents can be inferred by considering the λ-dependence of the thermal FCI energies or the closely related HC degenerate perturbation corrections to the energies of degenerate states. States that are degenerate at the zeroth order or λ = 0 become nondegenerate or have a lesser degree of degeneracy as λ is raised from zero in thermal FCI. The perturbation corrections to internal energy at T = 0 are, by definition, the λ-derivatives of the lowest energy. Correspondingly, the HC degenerate perturbation corrections to energies are generally different from one another for degenerate states, gradually lifting degeneracy as the perturbation order is raised. 12 Then, for the first-order correction to be consistent with the λ-derivative of the corresponding thermal FCI result, the sum over states should be interpreted as being dominated by the zeroth-order state whose first-order energy correction is the most negative. Applying this logic to U (1) [Eq. (32)], we predict
1 is the most negative among the first-order HC degenerate perturbation corrections to the degenerate zerothorder ground states.
This equation indicates that there is no inconsistency between the finite-temperature perturbation theory and HC degenerate perturbation theory. It, however, suggests that, for a degenerate ground state, there is an inconsistency (reminiscent of the Kohn-Luttinger inconsistency 6, 11, 16 ) between the finite-temperature perturbation theory and MP perturbation theory because E and cannot be expressed simply as the right-hand side of Eq. (62).
We consider it incorrect to say that the compact formula for U (1) [Eq. (49)] reduces analytically to the MP1 expression at zero temperature. There are multiple fallacies in such a statement: (1) this formula has been derived using an assumption [Eq. (42)] that is not valid for a degenerate ground state at zero temperature, (2) µ (1) is not necessarily zero in this case, and (3) the correct zero-temperature limit is not the MP perturbation theory but the HC degenerate perturbation theory. It is interesting to observe that, for a degenerate ground state, this formula is correct at T > 0, but becomes suddenly incorrect at T = 0.
VI. SUMMARY AND OUTLOOK
Original contributions of this work are summarized as follows:
(1) We have introduced a converging finite-temperature perturbation theory in the grand canonical ensemble that expands chemical potential in a perturbation series and conserves the average number of electrons, thereby ensuring charge neutrality of the system at each perturbation order.
(2) We have obtained the sum-over-states analytical formulas for the first-order corrections of chemical potential, grand potential, and internal energy, which are valid for a degenerate or nondegenerate ground state at any temperature down to zero. They are given as Eqs. (29), (30), and (32), respectively. These formulas depend crucially on the HC degenerate perturbation theory, whose details are described elsewhere. 12 (3) We have reported the compact, reduced analytical formulas for the same quantities as Eqs. (48), (46), and (49), respectively, which are valid for a nondegenerate ground state or at a nonzero temperature. We have established a straightforward, time-independent, nondiagrammatic derivation strategy of these formulas by introducing several identities for Boltzmann sums in the grand canonical ensemble.
(4) We shed new light on the issue of the zero-temperature limit of finite-temperature perturbation theory. The finitetemperature perturbation theory introduced here is consistent with the MP perturbation theory for a nondegenerate ground state. For a degenerate ground state, the finite-temperature theory is consistent with the HC degenerate perturbation theory, but not with the MP perturbation theory. For a degenerate ground state, the compact analytical formulas such as Eq. (49) are correct at T > 0, but become incorrect at T = 0; the sumover-states formulas should be used instead.
This theory should be extended to the second and higher orders and to the canonical ensemble. These results should be generalized to a recursive algebraic definition in the style of the Rayleigh-Schödinger perturbation theory, permitting a general-order implementation as well as justifying diagrammatic rules through a time-indepdendent linked-diagram theorem. Table I documents the first-order corrections to µ, Ω, and U in a converging perturbation series that expands µ perturbatively and maintains the average number of electrons atN at any perturbation order or at any value of perturbation strength (λ). The λ-variation data were already reported. ) gives completely different values except near the low-temperature limit. (1) ), grand potential (Ω (1) ), and internal energy (U (1) ) obtained with the λ-variation, sum-over-states formulas, and reduced analytical formulas as a function of temperature (T ) for the hydrogen fluoride molecule (0.9168 Å) in the STO-3G basis set. 
I } computed by the λ-variation method using forward seven-through nine-point finite differences. c This value seems to suffer from a greater numerical error, possibly from the finite-difference evaluations of numerous E (1) I 's.
